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Redfield non-secular master equation governing relaxation of a spin in weak interaction with a
thermal bath is studied. Using the fact that the relaxation follows the exponential law, we prove that
in most cases the semi-secular approximation is sufficient to find the system relaxation rate. Based
on this, a “secular” form of the non-secular master equation is for the first time developed which
correctly set up one of most fundamental equations in relaxation investigation. This key secular
form allows us to derive a general formula of the phonon-induced quantum tunneling rate which
is valid for the entire range of temperature regardless of the basis. In incoherent tunneling regime
and localized basis, this formula reduces to the ubiquitous incoherent tunneling rate. Meanwhile, in
eigenstates basis, this tunneling rate is demonstrated to be equal to zero. From this secular form,
we end the controversy surrounding the selection of basis for the secular approximation by figuring
out the conditions for using this approximation in localized and eigenstates basis. Particularly,
secular approximation in localized basis is justified in the regime of high temperature and small
tunnel splittings. In contrast, a large ground doublet’s tunnel splitting is required for the secular
approximation in eigenstates basis. With these findings, this research lays a sound foundation for
any treatments of the spin-phonon relaxation under any conditions provided that the non-secular
master equation is relevant.
2I. INTRODUCTION
Real physical systems are always in contact with its surroundings, and spin system is not an exception. In non-
equilibrium state, a spin in thermal contact with a reservoir will undergo a process of relaxation where its energy is ex-
changed with environment of which quantized particles of the lattice vibrations, phonons, is one of the most important
contributions. Understanding this spin-phonon relaxation process is thus crucial for many fundamental problems and
applications such as quantum coherence/decoherence in spin-based qubit1–4, implementation of spintronics devices5–8,
or high-density information storage/quantum computing using single-molecule/single-atom magnets9–13.
Of all the possible scenarios, a spin in weakly coupling with the phonon bath is one of the most often occurred. In
this scenario, the equation of motion of the spin reduced density matrix, so-called Redfield master equation, can be
derived using Born approximation of weakly coupling and Markov approximation of short memory14,15. From this,
characteristics of the relaxation process can be figured out.
Formulated in the operators form, the Redfield master equation can be represented by different specific matrix forms
depending on the basis. In molecular magnetism generally and single-molecule/single atom magnets particularly, up
to now existing works can be divided into two groups:7,16–22 one uses the localized (natural) basis and the other
uses eigenstates (diagonal) basis . In principle, the matrix forms of the Redfield master equation in these two bases
are equivalent17. However, due to its complexity in practice, most of the theoretical works only used the secular
approximation matrix form of the master equation in either localized basis or eigenstates basis. Unfortunately, these
secular master equations are not equivalent to each other. Moreover, the conditions for their application are also
ambiguous. As a consequence, the results and interpretations of involved physical quantities are unreliable and varied
between these bases.
Playing a vital role in single-molecule/single-atom magnets relaxation, phonon-induced quantum tunneling effect
has been rigorously investigated using the master equation since the early days of single-molecule magnets (SMMs).
By treating SMM relaxation using the secular form in localized basis, a formula for the incoherent spin tunneling
rate at (near) resonance has been proposed16,18,23. From then, this formula is ubiquitously used in a wide range of
temperature24–27, even when the incoherence condition is unjustified. These will bias the interpretation of data and
lead to inaccurate explanation of the physical reasons causing fast/slow relaxation. Accordingly, tactics for SMMs
improvement is likely inadequate. In combination with the mentioned weakness of the secular approximation, these
urge for the necessity of a new formula of the phonon-induced quantum tunneling rate derived from the non-secular
Redfield master equation which can accurately describe the effect in any circumstance.
In order to elucidate these problems, in this work, we start from the most general equation governing the relaxation
process in the system, Redfield non-secular master equation, then develop an unique unprecedented secular form
for it. Having this form, we apply it to the localized and eigenstates basis to find the conditions for the secular
approximation in these bases. During this process, the issue concerning the general formula for the phonon-induced
quantum tunneling rate is also tackled. The paper is then organized into 5 sections. In particular, we devote Section
II for derivation of the “secular” form of the non-secular master equation regardless of the basis. A general formula
for the phonon-induced quantum tunneling rate is also introduced in this section. Equipped with these, Section III
concentrates on the detailed form of the developed “secular” non-secular master equation and accordingly quantum
tunneling rate in the localized basis. Meanwhile, the master equation in eigenstates basis and related quantities are
investigated in Section IV. As usual, implications and conclusions are given in the last section.
II. SECULAR FORM OF NON-SECULAR MASTER EQUATION
Relaxation of a spin system with Hamiltonian H in a thermal bath can be described by the Redfield master
equation14,17:
dρ
dt
= −i [H, ρ] + Rˆρ, (1)
where Rˆ is the Redfield super-operator. In a specific basis {|m〉}, the above equation becomes
dρmn
dt
=
∑
k,l
R′mn,klρkl, (2)
where
R′mn,kl ≡ Rmn,kl + i (δmkHln −Hmkδln) . (3)
3Here Rmm,mm = −
∑
n6=mRnn,mm is the rate of population loss from state |m〉 to all other |n〉 6= |m〉; Rmm,nn ≡
Γmn ∀n 6= m is the population transition rate from |n〉 to |m〉; Rmn,mn ≡ −γmn is the coherence dephasing rate of
ρmn; and other Rmn,kl represents the coherence transfer rate at which the varied amplitude of the density matrix ρkl
influencing the element ρmn.
It is clear that solution of equation Eq. (2) is a linear combination of time exponentials where exponents λi are
eigenvalues of the matrix Rˆ′. Since this system of equation describes the relaxation of a physical system, there exists
one eigenvalue, so-called λ0, corresponding to the equilibrium states and thus equal to 0. Meanwhile, one of its
eigenvalue, so-called λ, describes the “slow” relaxation of the spin system. Other eigenvalues are usually large and
fast damped. Without loss of generality, we can assume that the solution of Eq. (2) is approximately of the form:
ρmn = Amne
−λt +Bmn. (4)
Insert this form into Eq. (2) then identify those terms with the exponent λ and solve for Amn, we obtain
Amn =
1
1− |R′mn,nm|
2
|R′mn,mn+λ|2
1
R′mn,mn + λ
∑
(kl)/∈{mn,nm}
(
R′mn,nmR
′
nm,kl
R′∗mn,mn + λ
−R′mn,kl
)
Akl, (5)
where we have taken into account the fact Anm = A
∗
mn and R
∗
mn,kl = Rnm,lk (see Appendix A).
In a basis where |m〉 and |n〉 mainly reside in the subspace of different mth and nth doublet/singlet, R′mn,mn can
be approximated as:
R′mn,mn = Rmn,mn + iωnm, (6)
where ωmn = εm − εn is the energy gap between these two doublets/singlets. Since |ωnm| is effectively much larger
than any Rmn,kl, Amn thus becomes negligible. The only noticeable components are Amm′ where |m〉 and |m′〉
mainly resides in the same mth doublet’s subspace. A critical consequence of this property is that the semi-secular
approximation is always sufficient in finding the dynamics of ρmm and ρmm′ as long as the above condition of the
basis is satisfied, i.e. we can approximate:
dρmm
dt
≈
∑
n
(
R′mm,nnρnn +R
′
mm,nn′ρnn′
)
, (7)
dρmm′
dt
≈
∑
n
(
R′mm′,nnρnn +R
′
mm′,nn′ρnn′
)
. (8)
These form a closed system of equations. In order to have a closed “secular” system of equations of the diagonal
density matrix elements only, we simplify Amm′ using the semi-secular approximation version of Eq. (5) to obtain
Amm′ = Cmm′ (Amm −Am′m′) +
∑
k
Dmm′,kkAkk +
∑
k 6=m,m′
Dmm′,kk′Akk′ , (9)
where
Cmm′ ≡ − 1
1−
∣
∣
∣R′
mm′,m′m
∣
∣
∣
2
∣
∣
∣R′
mm′,mm′
+λ
∣
∣
∣
2
i
R′mm′,mm′ + λ
(
Rmm′,m′mHm′m
R′∗mm′,mm′ + λ
+Hmm′
)
, (10)
Dmm′,kl ≡ 1
1−
∣
∣
∣R′
mm′,m′m
∣
∣
∣
2
∣
∣
∣R′
mm′,mm′
+λ
∣
∣
∣
2
1
R′mm′,mm′ + λ
(
Rmm′,m′mRm′m,kl
R′∗mm′,mm′ + λ
− Rmm′,kl
)
, (11)
R′mm′,mm′ = Rmm′,mm′ + i (Hm′m′ −Hmm) , (12)
Apparently, Eq. (9) is self-consistent. Drawing a similar expression for Akk′ and inserting back, finally we reach
Amm′ =
∑
k
[Fmm′,kk′ (Akk −Ak′k′ ) +Gmm′,kkAkk] , (13)
4where
Fmm′,kk′ ≡ Cmm′δmkδm′k′ +
∑
l 6=m,m′
Dmm′,ll′Cll′δlkδl′k′ +
∑
l 6=m,m′
∑
p6=l,l′
Dmm′,ll′Dll′,pp′Cpp′δpkδp′k′ + . . . , (14)
Gmm′,kk ≡ Dmm′,kk +
∑
l 6=m,m′
Dmm′,ll′Dll′,kk +
∑
l 6=m,m′
∑
p6=l,l′
Dmm′,ll′Dll′,pp′Dpp′,kk + . . . . (15)
Denoting Λ as the expression of Ann and Ann′ corresponding to the right-hand side of Eq. (7) and simplifying with
the help of Eq. (13), we obtain
Λ =
∑
kth
Γkm (Akk −Ak′k′) +
∑
k
[
Rmm,kk +R
(corr)
mm,kk
]
Akk, (16)
where
Γkm ≡ i [Hm′m (Fmm′,kk′ − Fmm′,k′k)−Hmm′ (Fm′m,kk′ − Fm′m,k′k)] , (17)
R
(corr)
mm,kk ≡ Γ(corr)mk ≡ i (Hm′mGmm′,kk −Hmm′Gm′m,kk) +
∑
n
Rmm,nn′ (Gnn′,kk + Fnn′,kk′ − Fnn′,k′k) . (18)
Since Rmm,mm = −
∑
k 6=mRkk,mm and R
(corr)
mm,mm = −
∑
k 6=mR
(corr)
kk,mm (see proof in Appendix A), Eq. (16) can be
rewritten as:
Λ =
∑
kth
Γkm (Akk −Ak′k′ ) +
∑
k 6=m
[(
Γmk + Γ
(corr)
mk
)
Akk −
(
Γkm + Γ
(corr)
km
)
Amm
]
. (19)
Converting back to ρmm yields the most important result of this work:
dρmm
dt
=
∑
kth
Γkm (ρkk − ρk′k′ ) +
∑
k 6=m
[(
Γmk + Γ
(corr)
mk
)
ρkk −
(
Γkm + Γ
(corr)
km
)
ρmm
]
+ C, (20)
where C is a constant dependent on the initial and equilibrium value of the diagonal density matrix elements. Since
this constant could be removed by a trivial change of variable and does not affect to the relaxation rate, its detailed
form is neglected.
The non-secular density matrix equation now reduces to the form of a self-consistent “secular” one containing only
the diagonal density matrix elements. From these diagonal density matrix elements, off-diagonal elements can be
easily calculated using Eq. (13).
As can be seen from Eq. (20), Γkm = −Γk
′
m = −Γkm′ = Γk
′
m′ plays the role of the transition rate of population difference
from doublet/singlet kth representative by |k〉 (or |k′〉) to state |m〉. In particular, Γm′m = Γmm′ can be considered as
the general quantum tunneling rate between two states |m〉 and |m′〉. Meanwhile, Γ(corr)kl ∀l 6= k is a correction
to the transition rate Γkl resulting from the semi-secular/non-secular approximation where the time-dependence of
off-diagonal density matrix elements is taken into account.
It is worthy to note that due to Cm′m = −C∗mm′ and Dm′m,lk = D∗mm′,kl, we have Gm′m,kk = G∗mm′,kk and
Fm′m,k′k = −F ∗mm,kk′ . As a corollary, both Γkm and Γ(corr)mk are real as expected for any quantity representing a
population transition rate.
Since Amm′ ∀m and Akk ∀k are definite, it is obvious from Eq. (13) that the series Fmm′,kk′ and Gmm′,kk must
converge. Consequently, terms in those series should monotonically decrease. Zeroth-order approximation of those
series then are Fmm′,kk′ ≈ Cmm′δmkδm′k′ and Gmm′,kk ≈ Dmm′,kk. Accordingly, the zeroth-order approximation of
dρmm/dt takes the form:
dρmm
dt
= Γm
′(0)
m (ρm′m′ − ρmm) +
∑
k 6=m
[(
Γmk + Γ
(corr)(0)
mk
)
ρkk −
(
Γkm + Γ
(corr)(0)
km
)
ρmm
]
, (21)
where we have ignored the constant C and denoted
Γm
′(0)
m = −i (Hm′mCmm′ +Hmm′Cm′m) , (22)
Γ
(corr)(0)
mk =
(
iHm′mDmm′,kk +Rmm,kk′Ckk′ +
∑
nth
Rmm,nn′Dnn′,kk
)
+ h.c. ∀k 6= m, (23)
5where h.c. is the Hermitian conjugate. As is clear, in zeroth-order approximation, only the quantum tunneling rate
between |m〉 and |m′〉 enters the rate equation of ρmm whereas other Γk(0)m ∀kth 6= mth is zero. This fact underlines
the important role of the doublet internal tunneling in relaxation of a spin system compared to the contribution from
the population difference of other doublets.
Since the vast majority of the relaxation studies uses the localized and eigenstates basis, detailed form of the
quantum tunneling rate as well as the correction to other transition rate in these bases are indispensable. Therefore,
in the following, we will consecutively apply our developed formulas specifically for these bases. However, for the sake
of simplicity, hereinafter we only retain the zeroth-order approximation of dρmm/dt.
III. “SECULAR” NON-SECULAR MASTER EQUATION IN LOCALIZED BASIS
Localized basis vectors |m∗〉 and |m′∗〉 corresponding to mth doublet of a spin system are defined as28:
|m〉 = 1√
2
(
|+(0)m 〉 − |−(0)m 〉
)
, (24)
|m′〉 = 1√
2
(
|+(0)m 〉+ |−(0)m 〉
)
, (25)
where |±(0)m 〉 are eigenstates of the spin Hamiltonian in zero external magnetic field corresponding to the mth doublet.
In the presence of an external magnetic field, the Hamiltonian in the subspace of this doublet can take the form:
H{|m〉,|m′〉} =
Wmm′
2
(|m〉 〈m| − |m′〉 〈m′|) + ∆mm′
2
(|m〉 〈m′|+ |m′〉 〈m|) , (26)
where Wmm′ is the energy bias between |m〉 and |m′〉 and ∆mm′ is the tunnel splitting of mth doublet. Without loss
of generality, these two quantities can be assumed to be real. From this, we can easily have
Cmm′ =
i∆mm′
2
(γ′mm′ − λ) − i (Wmm′ + γ′′mm′)−Rmm′,m′m
(γ′mm′ − λ)2 + (Wmm′ + γ′′mm′)2 − |Rmm′,m′m|2
, (27)
Dmm′,kl =
Rmm′,m′mRm′m,kl +Rmm′,kl [(γ
′
mm′ − λ)− i (Wmm′ + γ′′mm′)]
(γ′mm′ − λ)2 + (Wmm′ + γ′′mm′)2 − |Rmm′,m′m|2
. (28)
where γ′mm′ and γ
′′
mm′ denote the real and imaginary part of γmm′ respectively . Substituting these into Eq. (22) and
(23) results in
Γm
′(0)
m =
∆2mm′
2
(γ′mm′ − λ) − (Rmm′,m′m +Rm′m,mm′) /2
(γ′mm′ − λ)2 + (Wmm′ + γ′′mm′)2 − |Rmm′,m′m|2
, (29)
and
Γ
(corr)(0)
mk =
{
i∆mm′
2
Rmm′,m′mRm′m,kk +Rmm′,kk [(γ
′
mm′ − λ)− i (Wmm′ + γ′′mm′)]
(γ′mm′ − λ)2 + (Wmm′ + γ′′mm′)2 − |Rmm′,m′m|2
+
i∆kk′
2
Rmm,kk′ [(γ
′
kk′ − λ)− i (Wkk′ + γ′′kk′ )−Rkk′,k′k]
(γ′kk′ − λ)2 + (Wkk′ + γ′′kk′ )2 − |Rkk′,k′k|2∑
nth
Rmm,nn′
Rnn′,n′nRn′n,kk +Rnn′,kk [(γ
′
nn′ − λ)− i (Wnn′ + γ′′nn′)]
(γ′nn′ − λ)2 + (Wnn′ + γ′′nn′)2 − |Rnn′,n′n|2
}
+ h.c. ∀k 6= m. (30)
As all Redfield operator elements Rmn,kl are functions of temperature, both Γ
m′(0)
m and Γ
(corr)(0)
mk , and accordingly Γ
m′
m
and Γ
(corr)
mk , also depend on temperature.
For excited doublet, since the conditions γ′mm′ ≫ λ, γ′mm′ ≫ |Rmm′,m′m|, and γ′mm′ ≫ (Rmm′,m′m +Rm′m,mm′) are
usually satisfied over nearly entire temperature range, a simpler version of Eq. (29) can be used to find the quantum
tunneling rate inside these excited doublet
Γm
′(0)
m =
∆2mm′
2
γ′mm′
γ′2mm′ + (γ
′′
mm′ +Wmm′)
2 , (31)
6which is basically similar to the well-known incoherent tunneling rate16,18.
However, for the ground doublet at low temperature, since those mentioned conditions are now hardly fulfilled, a
direct application of Eq. (31) can lead to an inaccurate result. In that circumstance, a full treatment of the quantum
tunneling rate Γ
m′(0)
m is essential. At high temperature though, the validity of the incoherent tunneling rate for the
ground doublet is subject to the relative magnitude between the dephasing rate γ′mm′ and λ.
Similarly to the quantum tunneling rate, we can also approximate Γ
(corr)(0)
mk at high temperature by neglecting λ in
Eq. 30. However, it becomes interesting when the temperature is sufficiently high such that the coherence transfer
rates are much smaller than the dephasing rates, i.e. Rnn′,n′n, Rn′n,kk ≪ |γnn′ | ∀n, k. Under this condition, Γ(corr)(0)mk
becomes
Γ
(corr)(0)
mk ≈
i
2
(
∆mm′Rmm′,kk
γmm′ + iWmm′
+
∆kk′Rmm,kk′
γkk′ + iWkk′
)
+ h.c. ∀k 6= m. (32)
As is clear, even at high temperature, this correction may still not be small compared to Γmk except for the case
when the spin system is out of resonance or ∆nn′/γnn′ ∀n is large enough. This fact indicates that the correction
to the transition rate Γ
(corr)(0)
mk , besides the quantum tunneling rate Γ
m′(0)
m , must be taken into account even at
high temperature. Moreover, from the above formula we can also deduce the condition for applying the secular
approximation in localized basis, i.e. all the corrections can be ignored. Specifically, Eq. 32 shows that the secular
approximation in localized basis is valid only at high temperature and small tunneling splitting. Intriguingly, the
latter condition is quite opposite to the one for the secular approximation in eigenstates basis which will be derived
in the next section.
As a limiting case, out of resonance, both quantum tunneling rate and the corrections to the transition rates
becomes negligible. Accordingly, the “secular” non-secular master equation reduces to the non-tunneling secular
master equation as expected.
IV. “SECULAR” NON-SECULAR MASTER EQUATION IN EIGENSTATES BASIS
In eigenstates basis, the Hamiltonian of the spin system is diagonal:
H =
∑
αth
(εα |α〉 〈α|+ εα′ |α′〉 〈α′|+) , (33)
where |α〉 and |α′〉 belong to the same doublet αth. In this basis, γαα′ = γα′α is real17 and
Cαα′ = 0, (34)
Dαα′,βγ =
Rαα′,α′αRα′α,βγ +Rαα′,βγ (γαα′ − λ− iωαα′)
(γαα′ − λ)2 + ω2αα′ − |Rαα′,α′α|2
, (35)
Thus,
Γα
′(0)
α = 0 = Γ
β
α ∀β, (36)
Γ
(corr)(0)
αβ =
∑
δth
Rαα,δδ′
Rδδ′,δ′δRδ′δ,ββ +Rδδ′,ββ (γδδ′ − λ− iωδδ′)
(γδδ′ − λ)2 + ω2δδ′ − |Rαα′,α′α|2
+ h.c. ∀β 6= α. (37)
Strikingly, the phonon-induced quantum tunneling rate is non-existent when working in the eigenstates basis.
Since for excited doublets
√
γ2δδ′ + ω
2
δδ′ often dominates over λ and other coherence transfer rates, Γ
(corr)(0)
αβ can be
further approximated as:
Γ
(corr)(0)
αβ = Rαα,gg′
Rgg′,g′gRg′g,ββ +Rgg′,ββ (γgg′ − λ− iωgg′)
(γgg′ − λ)2 + ω2gg′ − |Rαα′,α′α|2
+ h.c. ∀β 6= α, (38)
where only contribution from the ground doublet gth survives in the expression of Γ
(corr)(0)
αβ . Moreover, in the case the
tunnel splitting of the ground doublet ∆gg′ is large, this contribution from the ground doublet also becomes negligible.
As a consequence, the “secular” non-secular master equation reduces to the secular one. From this, we can conclude
that a preeminent ground doublet’s tunnel splitting in comparison to the coherence transfer rates is the sufficient
condition for using the secular master equation in eigenstates basis at a particular temperature.
7At low temperature where only the ground doublet is populated, it is likely that the secular approximation for the
Redfield master equation in eigenstates basis is also a good approximation. This results from the fact that in this
regime, all the coherence transfer rates entering the expression of Γ
(corr)(0)
αβ appears to be miniature compared to |ωgg′ |.
In contrast, when localized basis is considered in the same regime, the semi-secular approximation has to be used
instead. This stresses the difference between using these two common bases in relaxation problem.
V. CONCLUSIONS
In summary, the present study has demonstrated that the semi-secular approximation for the Redfield master
equation is mostly sufficient to deduce the relaxation rate. In order to find this rate, a self-consistent secular form
of the non-secular/semi-secular master equation has also been developed. Containing much less number of equations,
this secular form of the semi-secular approximation allows to reduce considerably the amount of effort in calculating
the relaxation rate as well as facilitates different approximations to the master equation depending on the investigated
regimes. Based on this finding, for the first time, a general formula of the phonon-induced quantum tunneling rate
and correction to other transition rates regardless of working basis are proposed. Surprisingly, applying the general
“secular” form of the non-secular/semi-secular approximation for localized basis, we found that a proper treatment of
the spin relaxation must take into account the corrections to both familiar incoherent quantum tunneling rate and
population transition rates between localized states. Meanwhile, in eigenstates basis, our “secular” non-secular master
equation shows that the phonon-induced quantum tunneling rate in this basis is always equal to zero. Moreover, the
conditions for applying secular approximation in both localized and eigenstates basis are also elucidated. In particular,
secular approximation in localized basis is justified in the regime of high temperature and small tunnel splittings. On
the contrary, a large ground doublet’s tunnel splitting is required for the secular approximation in eigenstates basis.
At intermediate conditions, the semi-secular approximation (in any basis) is essential for extracting the relaxation
rate. This finding thus settles the debate over which basis should be used in the secular master equation. On the
whole, by establishing an accurate “secular” non-secular master equation, our research serves as a sturdy base for the
exploration of the relaxation phenomenon in any condition provided that the Redfield non-secular master equation is
relevant. Last but not least, it is important to stress that the “secular” non-secular master equation is also valid for
describing the relaxation of not just spin but also any general system in weak interaction with a thermal bath as well.
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Appendix A: Properties of the relaxation matrix elements in an arbitrary basis
• Relaxation matrix elements Rαβ,α′β′ in the eigenstates basis can be calculated from the spin-phonon Hamiltonian
V 17:
Rαβ,α′β′ =
pi
~Zb
∑
ww′
{
−
∑
γ
e−Ew/kT δ (εα′ − εγ + Ew − Ew′)Vαw,γw′Vγw′,α′wδββ′ (A1)
−
∑
γ
e−Ew/kT δ (εβ′ − εγ + Ew − Ew′) Vβ′w,γw′Vγw′,βwδαα′ (A2)
+e−Ew′/kT [δ (εβ − εβ′ + Ew − Ew′) + δ (εα − εα′ + Ew − Ew′)]Vαw,α′w′Vβ′w′,βw
}
, (A3)
where |w〉 and |w′〉 designate the eigenstates of the thermal bath and Zb is the bath partition function.
• Relaxation matrix elements Rmn,kl in an arbitrary basis {|m〉} are related to the elements Rαβ,γδ in the eigen-
states basis as follows17:
Rmn,kl =
∑
α,β,γ,δ
〈m|α〉 〈β|n〉 〈γ|k〉 〈l|δ〉Rαβ,γδ, (A4)
and vice versa,
Rαβ,γδ =
∑
m,n,k,l
〈α|m〉 〈n|β〉 〈k|γ〉 〈δ|l〉Rmn,kl. (A5)
8• R∗mn,kl = Rnm,kl – Proof: this property can be easily derived from the relation between Rmn,pq and Rαβ,γδ
above. Indeed,
R∗mn,kl =
∑
α,β,γ,δ
〈m|α〉∗ 〈β|n〉∗ 〈γ|k〉∗ 〈l|δ〉R∗αβ,γδ
=
∑
β,α,δ,γ
〈n|β〉 〈α|m〉 〈δ|l〉 〈k|γ〉Rβα,δγ = Rnm,kl. (A6)
From this, it is straightforward to show that R′∗mn,kl = R
′
nm,kl, Cm′m = −C∗mm′ , and Dm′m,lk = D∗mm′,kl.
• ∑mRmm,kl = 0 – Proof: from the property∑γ Rαα,γδ = 0, we have∑
m
Rmm,kl =
∑
m
∑
α,β,γ,δ
〈m|α〉 〈β|m〉 〈γ|k〉 〈l|δ〉Rαβ,γδ
=
∑
α,β,γ,δ
δαβ 〈γ|k〉 〈l|δ〉Rαβ,γδ
=
∑
γ,δ
〈γ|k〉 〈l|δ〉
(∑
α
Rαα,γδ
)
= 0. (A7)
As a result, Rmm,mm = −
∑
k 6=mRkk,mm.
• ∑k R(corr)kk,mm = 0 – Proof:
∑
k
R
(corr)
kk,mm = i
∑
k
(Hk′kGkk′,mm −Hkk′Gk′k,mm) +
∑
n
(∑
k
Rkk,nn′
)
(Gnn′,mm + Fnn′,mm′ − Fnn′,m′m)
(A8)
= i
∑
kth
[(Hk′kGkk′,mm −Hkk′Gk′k,mm) + (Hkk′Gk′k,mm −Hk′kGkk′ ,mm)] = 0 (A9)
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